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Domain X = {0, 1}d, Y = {0, 1}.

Definition 0.1 (TV stability). A randomized algorithmM is ε-TV stable if for all neigh-
boring datasets S, S ′,

dTV (M(S),M(S ′)) ≤ ε

Algorithm 1 Gaussian mechanism(σ2, S)
Inputs/Parameters:
σ2, variance for Gaussian
S = {xi}mi=1, dataset

1: Receive a statistical query ϕ : X → [0, 1]
2: ν ← N (0, σ2)
3: return 1

m

∑m
i=1 ϕ(xi) + ν

Claim 0.2. The Gaussian mechanism with parameter σ2 is 1√
2πmσ

-TV stable.

Proof. For dataset S, the output is distributed as a Gaussian distribution D with µ =
1
m

∑m
i=1 ϕ(xi) and variance σ2. For dataset S ′, it is distributed as a Gaussian D′ with

µ′ = 1
m

∑m
i=1 ϕ(x

′
i) and variance σ2, where |µ′ − µ| ≤ 1

m
.

So for all x ∈ X ,
D(x) =

1√
2πσ2

e−
(x−µ)2

2σ2

D′(x) =
1√
2πσ2

e−
(x−µ′)2

2σ2

WLOG, say µ′ = µ+ 1
m
. Then D(x) > D′(x) up to some point µ̄, where D(µ̄) = D′(µ̄).

(x− µ)2 = (x− µ′)2

= (x− µ− 1
m
)2

= (x− µ)2 + 1
m2 − 2(

x− µ

m
)



So we want to find x such that
0 = 1

m
− 2(x− µ)

x = µ+ 1
2m

Therefore

dTV (D,D′) = 1√
2πσ2

∫ 1
2m

−1
2m

e−
x2

2σ2 dx

≤ 1√
2πσ2

∫ 1
2m

−1
2m

1dx

=
1√

2πmσ

Definition 0.3 (Multiplicative distance (pure DP metric)). The multiplicative distance
between two distributions D1, D2 over events X is defined

d⋄(D1, D2) = sup
X⊆X

∣∣∣∣ln D1(X)

D2(X)

∣∣∣∣
If d⋄(D1, D2) ≤ ε, then for all X ⊆ X

D1(X) ≤ eεD2(X).

This notion of distance gives another stability notion called differential privacy

Definition 0.4 (Differential Privacy). A randomized algorithmM : Zm → O is ε-DP if for
all measurable subsets O ⊂ O and neighboring datasets S, S ′:

Pr[M(S) ∈ O] ≤ eε Pr[M(S ′) ∈ O]

Laplace distribution Lap(ε, µ) has PDF f(x) = 1
2ε
e

−|x−µ|
ε . We’ll write Lap(ε) = Lap(ε, 0).

Algorithm 2 Laplace mechanism(ε, S)
Inputs/Parameters:
ε, scale parameter for Laplace distribution
S = {xi}mi=1, dataset

1: Receive a statistical query ϕ : X → [0, 1]
2: ν ← Lap( 1

mε
)

3: return 1
m

∑m
i=1 ϕ(xi) + ν

Claim 0.5. The Laplace mechanism with parameter ε satisfies ε-DP



Proof. The Laplace distribution Lap( 1
mε

) has PDF f(x) = mε
2
e−mε|x−µ|. For neighboring

datasets, |µ− µ′| ≤ 1
m
, and so for all x the ratio

D(x)

D′(x)
=

e−mε|x−µ|

e−mε|x−µ′|

= emε(|x−µ′|−|x−µ|)

≤ eε.

Claim 0.6 (DP ⇒ TV stability). dTV (D,D′) ≤ 1
2
(ed⋄(D,D′) − 1)

Proof.

dTV (D,D′) = sup
E⊆O
|D(E)−D′(E)|

≤ sup
E⊆O
|ed⋄(D,D′)D′(E)−D′(E)|

= sup
E⊆O
|D′(E)(ed⋄(D,D′) − 1)|

≤ 1
2
(ed⋄(D,D′) − 1) if D′(E) ≤ 1/2

IF D′(E) > 1/2, then D′(Ec) ≤ 1/2 so we have

dTV (D,D′) = sup
E⊆O
|D(E)−D′(E)|

= sup
E⊆O
|1−D(Ec)− (1−D′(Ec))|

= sup
E⊆O
|D(Ec)−D′(Ec))|

≤ sup
E⊆O
|ed⋄(D,D′)D′(Ec)−D′(Ec)|

= sup
E⊆O
|D′(Ec)(ed⋄(D,D′) − 1)|

≤ 1
2
(ed⋄(D,D′) − 1)


